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1. Introduction
Let X be a closed, oriented 4-manifold with a basepoint and let G be a compact, connected Lie group. We denote the
based and unbased moduli spaces of instantons on a principal G-bundle P over X by M0(P ) and M(P ), respectively.
Geometry and topology of these moduli spaces M0(P ) and M(P ) have been extensively studied by many mathematicians.
The aim of this article is to answer the following question when X = S4 and CP2:
Question 1. Are M0(P ) and M(P ) spin when they are manifolds?
Recall that a manifold is a spin manifold, or, simply, spin if its tangent bundle is a spin bundle. This condition is equiva-
lent to that the second Stiefel–Whitney class of the tangent bundle is trivial.
It is known that M0(P ) and M(P ) are not always manifolds. However, in the case that X = S4,CP2 and G = SU(l),
M0(P ) is a complex manifold of complex dimension 2kl and, in the case that X = SU(2) and G = SU(2), M(P ) is a real
manifold of dimension 8k−3, where we put c2(P ) = k ∈ Z∼= H4(X) (see [2,5,4]). Then let us deal with the above question in
these cases. When P is a principal SU(l)-bundle over S4, M0(P ) is spin trivially since M0(P ) is known to be a hyperkähler
manifold [3]. We denote by M0(k, l) the moduli space M0(P ) for P a principal SU(l)-bundle over CP2 with c2(P ) = k. We
also denote by M0(k) and M(k) the moduli spaces M0(P ) and M(P ) respectively for P a principal SU(2)-bundle over S4
with c2(P ) = k. Then we will consider spin structures on M0(k, l) and M(k), and will show:
Theorem 1. The moduli space M0(k, l) is spin if and only if l is even.
Theorem 2. The moduli space M(k) is spin if and only if k is odd.
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Let X be a closed, oriented 4-manifold with a basepoint and let P (k, l) be a principal SU(l)-bundle over X with
c2(P (k, l)) = k. We recall some general facts on the moduli space M0(P (k, l)).
The inclusion jl : SU(l) → SU(l + 1) induces a map
( jl)∗ : M0
(
P (k, l)
)→ M0(P (k, l + 1)).
In [9], Taubes constructed a map
ik : M0
(
P (k, l)
)→ M0(P (k + 1, l))
and Kirwan [7] and Bryan and Sanders [4] showed that when X = S4 and CP2, this map extends to an open embedding
M0
(
P (k, l)
)× C2l → M0(P (k + 1, l)). (1)
Let map0(−,−) be the path component of the space of based maps containing the constant map. There is also a map
ϑk : M0
(
P (k, l)
)→ map0(X, B SU(l))
satisfying the commutative diagrams:
M0(P (k, l)) ik
ϑk
M0(P (k + 1, l))
ϑk+1
map0(X, B SU(l)) map0(X, B SU(l))
M0(P (k, l)) ( jl)∗
ϑk
M0(P (k, l + 1))
ϑk
map0(X, B SU(l))
( jl)∗ map(X, B SU(l + 1))
Then it follows that there is a map
colimk ϑk : colimk M0
(
P (k, l)
)→ map0(X, B SU(l)).
Taubes [9] showed:
Theorem 3. (Taubes [9]) The map colimk ϑk : colimk M0(P (k, l)) → map0(X, B SU(l)) is a homotopy equivalence.
3. Proof of Theorem 1
Let V2,l be the Stiefel manifold of orthonormal 2-frames in Cl , that is, V2,l = U(l)/U(l − 2). We let the group S1 × S1 act
on V2,l and C from right by
(v1, v2) · (λ1, λ2) = (v1λ, v2λ2), x · (λ1, λ2) = xλ1λ−12 ,
where (v1, v2) is an orthonormal 2-frame in Cl , λ1, λ2 ∈ S1 = {a ∈ C | |a| = 1} and x ∈ C. Then we have a diagonal action of
S1 × S1 on V2,l × C and hence a complex line bundle
(V2,l × C)/
(
S1 × S1)→ V2,l/(S1 × S1).
We write this line bundle by ω and its base space V2,l/(S1 × S1) by Bl .
In [4], it was shown that the moduli space M0(1, l) is diffeomorphic to the total space of the complex vector bundle
ω⊕ω⊕ω∗ which we write by El , here ω∗ is the dual bundle of ω. Then we will calculate the ﬁrst Chern class of the tangent
bundle of El in order to obtain its second Stiefel–Whitney class. Since the zero-section Bl → El induces an isomorphism in
cohomology, it is suﬃcient to calculate the ﬁrst Chern class of
T El|Bl ∼= T Bl ⊕ ω ⊕ ω ⊕ ω∗,
where T X stands for the tangent bundle of a manifold X .
One can easily see that Bl is diffeomorphic to the Milnor manifold{([z0 : . . . : zl−1], [w0 : . . . : wl−1]) ∈ CPl−1 × CPl−1 ∣∣ z0w0 + · · · + zl−1wl−1 = 0}.
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c1(ω) = a + b, c(T Bl) = (1+ a)
l(1+ b)l
1+ a + b
(see, for example, Problem 16-E in [8]), where c1 and c mean the ﬁrst and the total Chern classes, respectively. Thus it
follows that
c1(T El|Bl ) = l(a + b).
For l = 2, we have H2(B2) ∼= Z and a and b pull back to its generator by the natural inclusion B2 → Bl . Then we obtain c1(ω)
and c(T Bl) by putting a = b, and thus c1(T El|Bl ) ≡ 0 (2). Since the mod 2 reduction of c1 is the second Stiefel–Whitney
class, we have obtained:
Lemma 4. The moduli space M0(1, l) is spin if and only if l is even.
We will use the following:
Lemma 5.We have
H2
(
map0
(
CP2, B SU(l)
))∼= {Z, l = 2,
Z⊕ Z, l > 2,
and the induced map ( jl)∗∗ : H2(map0(CP2, B SU(l + 1))) → H2(map0(CP2, B SU(l))) is an isomorphism for l > 2 and an epimor-
phism for l = 2.
Proof. Let η be a generator of the stable 2-stem. Then we have CP2 = S2 ∪η e4 and hence we have an exact sequence[
Sn+3, B SU(l)
] η∗−→ [Sn+4, B SU(l)]→ [ΣnCP2, B SU(l)]→ [Sn+2, B SU(l)].
Thus we obtain πi(map0(CP
2, B SU(l))) = 0 for i = 0,1 and
π2
(
map0
(
CP2, B SU(l)
))∼= {Z, l = 2,
Z⊕ Z, l > 2.
Therefore the ﬁrst part of the lemma follows. The second part is analogous.
Proof of Theorem 1. When l is odd, Theorem 1 follows from (1) and Lemma 4.
The ADHM construction of M0(k, l) in [4] shows that there is a principal bundle
GLk(C) × GLk(C) → X(k, l) → M0(k, l)
which is natural with respect to maps ( jl)∗ and ik , where X(k, l) is the complement of a closed subvariety in a contractible
complex aﬃne variety. For l 4, quite analogously to the following Lemma 9, one can see that
H¯i
(
X(k, l)
)= 0 for i = 1,2.
Then it follows that the map i∗k : H2(M0(k+ 1, l)) → H2(M0(k, l)) is an isomorphism and thus Theorem 1 follows from (1)
and Lemma 4.
Now we consider the remaining case l = 2. One can easily check that the map ( jm−1)∗ ◦· · ·◦( j2)∗ : M0(1,2) → M0(1,m)
corresponds to the natural inclusion B2 → Bm . In particular, it induces an epimorphism H2(M0(1,m)) → H2(M0(1,2)).
It follows from Theorem 3 that, for a ﬁxed m > 2, there is k such that the maps ϑk : M0(k,2) → map0(CP2, B SU(2)) and
ϑk : M0(k,m) → map0(CP2, B SU(m)) induce isomorphisms in H2. Then Lemma 5 and the commutative diagram
M0(k,2) ϑk
( jm−1)∗◦···◦( j2)∗
map0(CP
2, B SU(2))
( jm−1)∗◦···◦( j2)∗
M0(k,m) ϑk map0(CP2, B SU(m))
show (( jm−1)∗ ◦· · ·◦( j2)∗)∗ : H2(M0(k,m)) → H2(M0(k,2)) is epic. Note that lemma 5 also implies that H2(M0(k,2)) ∼= Z.
Then it follows from the commutative diagram
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( jm−1)∗◦···◦( j2)∗
M0(k,2)
( jm−1)∗◦···◦( j2)∗
M0(1,m) ik−1◦···◦i1 M0(k,m)
that the map ik−1 ◦ · · · ◦ i1 : M0(1,2) → M0(k,2) induces an epimorphism in H2 and thus an isomorphism in H2 since an
epimorphism Z→ Z is an isomorphism. Therefore the proof is completed by (1) and Lemma 4.
4. Calculation in classifying spaces
Let Gn be Sp(1) × SO(n) for n odd and (Sp(1) × SO(n))/Z for n even, where Z = {±(1, En)} ∼= Z/2 for the n-dimensional
identity matrix En . We let Gn act on Hn by
x · (p,q) = p−1xq
for x ∈ Hn and [(p,q)] ∈ Gn . By identifying Hn with R4n , we obtain a representation
ρ : Gn → O(4n).
The aim of this section is to show the following lemma which we will use to prove Theorem 2. For a homomorphism
f : G → H between topological groups G, H , we write by the same f the induced map BG → BH .
Lemma 6. For the above ρ , we have ρ∗(w2) = 0.
Note that ρ is the spin representation of Sp(1) tensor the canonical representation of SO(n). Then Lemma 6 follows
from an easy inspection when n is odd. Hence we will consider the case n = 2m. Now we have the following commutative
diagram of group extensions:
1 Z/2 SO(2m)
π PSO(2m) 1
1 Z Sp(1) × SO(2m)
π2
π1
G2m
π¯1
π¯2
1
1 Z/2 Sp(1) SO(3) 1
where πi is the ith projection and π¯i is the induced map from πi . Then we have a commutative diagram:
B SO(2m) π B PSO(2m) K (Z/2,2)
B Sp(1) × B SO(2m)
π2
π1
BG2m
π¯2
π¯1
x K (Z/2,2)
B Sp(1) B SO(3)
w2 K (Z/2,2)
(2)
Thus, since B Sp(1) is 3-connected, the standard spectral sequence argument shows that π¯∗2 : H2(B PSO(2m);Z/2) →
H2(BG2m;Z/2) is an isomorphism. Let C be the center of Spin(2m). We know
C ∼=
{
Z/4, m is odd,
Z/2⊕ Z/2, m is even.
Then it follows that:
Proposition 7. Let 〈a1,a2, . . .〉 denote the Z/2-vector space with a basis a1,a2, . . . . Then we have
H2(BG2m;Z/2) =
{ 〈x〉, m is odd,
〈x, y〉, m is even,
where any z ∈ H2(BG2m;Z/2) such that π∗ ◦ (π¯∗)−1(z) = 0 can be y.2
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( 0 −1
1 0
)
. We deﬁne
subgroups V ⊂ G2m and W ⊂ SO(3) by
V = {[(1, E2m)], [(i,diag( J , . . . , J ))]}, W = {E3,diag(1,−1,−1)},
where diag(A1, A2, . . .) stands for the matrix
⎛⎝ A1 A2
. . .
⎞⎠. Then we have a commutative diagram
V
i
π¯1
G2m
π¯1
W
j
SO(3)
which induces a commutative diagram
BV
i
π¯1
BG2m
π¯1
BW
j
B SO(3)
where i and j are the inclusions. We write generators of H1(BV ;Z/2) ∼= Z/2 and H1(BW ;Z/2) ∼= Z/2 by s and t , respec-
tively. Then it follows that
π¯∗1 (w) = s, j∗(w2) = t2.
On the other hand, we have
i∗ ◦ ρ∗(w) = (1+ s4)n
for the total Stiefel–Whitney class w = 1+ w1 + · · · + w8m ∈ H∗(BO(8m);Z/2). Then it follows that
ρ∗(w2) ≡ 0 mod Ker i∗.
Thus, by Proposition 7, we obtain ρ∗(w2) = 0 for m odd.
Let m = 2l. By Proposition 7, we can assume H2(BG4l;Z/2) = 〈x, y〉 such that y ∈ Ker i∗ . Consider the subgroup U ∈ G4l
deﬁned by
U = {[(1, E4l)], [(1,diag(−1,−1,1, . . . ,1))]}.
By a quite analogous way as above, we can show
ρ∗(w2) ≡ 0 mod 〈x〉
and therefore Lemma 6 follows.
5. ADHM construction forM0(k) andM(k)
In this section, we recall from [1] the ADHM construction for M0(k) and M(k) and show some results on associated
spaces.
Let Mm,n(F) and Symn(F) denote the sets of all m × n matrices and n-dimensional symmetric matrices over a ﬁeld F,
respectively. We consider the following two constraints in Uk = M1,k(H) × Symk(H). Let (Λ, B) ∈ Uk .
(i) Λ∗Λ + B∗B ∈ Mk,k(R) for the transpose conjugate ∗.
(ii)
( Λ
B−xEk
)
is of rank k over H for all x ∈ H.
We write by Vk and Wk the subspaces of Uk satisfying (i) and both (i) and (ii), respectively. We let the group Sp(1) × O(k)
act from right on Uk by
(Λ, B) · (p,q) = (p−1Λq,q−1Bq)
for (Λ, B) ∈ Uk and (p,q) ∈ Sp(1) × O(k). Then one can easily check that this action restricts to those on Vk and Wk .
Moreover, O(k) ⊂ Sp(1) × O(k) acts freely on Wk (see [5,7]). The ADHM construction for M0(k) and M(k) is:
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Wk/O(k) ∼= M0(k), Wk/
(
Sp(1) ×O(k))∼= M(k).
Let the Lie group Gk be as in the previous section. Then one can see that the action of Sp(1) × O(k) on Uk induces that
of Gk which restricts to the free action on Wk . Put Xk = Wk/Gk . Then there is a principal Gk-bundle
Gk → Wk → Xk (3)
which yields from Theorem 8 a diffeomorphism and a covering
X2n+1 ∼= M(2n + 1), Z/2→ X2n → M(2n). (4)
We have the classifying map α : Xk → BGk of (3) and we will use α to prove Theorem 2. Then we consider α by
investigating Wk .
Lemma 9. The reduced cohomology of Wk is given as
H¯i(Wk;Z) = 0 for i = 0,1,2.
Proof. For k = 1, Proposition 9 follows from a homotopy equivalence Wk  S3. We put k 2. Let us consider the “complex-
iﬁcation” of Wk due to Donaldson [5]. Put U˜k = M1,k(C)×M1,k(C)× Symk(C)× Symk(C). Deﬁne a function μ : U˜k → Mk,k(C)
by
μ(a1,a2,α1,α2) = ta1a2 − ta2a1 + α1α2 − α2α1
for (a1,a2,α1,α2) ∈ U˜k . Put V˜k = μ−1(0) and W˜k to be the subspace of V˜k consisting of (a1,a2,α1,α2) ∈ V˜k such that the
matrix
( a1
a2
α1+xEk
α2+yEk
)
is of rank k over C for all x, y ∈ C. We let the complex orthogonal group O(k,C) act on U˜k by
(a1,a2,α1,α2) · q =
(
a1q,a2q,q
−1α1q,q−1α2q
)
for (a1,a2,α1,α2) ∈ U˜k and q ∈ O(k,C). Then this action restricts to those on V˜k and W˜k . Moreover the action on W˜k is
free (see [5,7]).
Deﬁne a map c : Uk → U˜k by
c
((
a1 + a2j
α1 + α2j
))
= (a1,a2,α1,α2)
for (a1,a2,α1,α2) ∈ U˜k . Then it is easy to check that this map is O(k)-equivariant and restricts to maps Vk → V˜k and
Wk → W˜k , here O(k) ⊂ O(k,C). Then c induces a map
Wk/O(k) → W˜k/O(k,C)
which was shown to be a diffeomorphism [5]. Since the inclusion O(k) → O(k,C) is a homotopy equivalence, Lemma 9 is
equivalent to
H¯i(W˜k;Z) = 0 for i = 0,1,2, (5)
and then we shall show this.
Note that the map μ can be regarded as the moment map of the action of O(k,C) [7] by choosing an appropriate
symplectic structure on U˜k . As is noted above, the action of O(k,C) on W˜k is free and then μ is nondegenerate on W˜k . On
the other hand, V˜k \ W˜k is a closed subvariety of complex codimension 3 and dimension > 0. Then, as in [7, Lemma 3.1],
we see that
H¯i(V˜k, W˜k;Z) = 0 for i = 0,1,2,3.
Since V˜k is contractible, this yields (5) and thus the proof is completed.
By Lemma 9, we can see that the induced map from the above classifying map α : Xk → BGx in cohomology is an
isomorphism in dimension  2. In fact, we can show a slightly stronger result as:
Proposition 10. Let α : Xk → BGk be the classifying map of the principal Gk-bundle (3). Then α∗ : πi(Xk) → πi(BGk) is an isomor-
phism for i = 0,1,2. In particular, α∗ : Hi(BGk;Z/2) → Hi(Xk;Z/2) is an isomorphism for i = 0,1,2.
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show that π1(Wk) = 0 by Lemma 9 and the J.H.C. Whitehead theorem.
It follows from the Hurewicz theorem that the abelianization of π1(Wk) is trivial, that is, πi(Wk) is a perfect group.
Consider the homotopy exact sequence of the principal bundle O(k) → Wk → M0(k):
· · · → π1
(
O(k)
) f→ π1(Wk) g→ π1(M0(k))→ ·· · .
Hurtubise [6] showed that π1(M0(k)) ∼= Z/2 which is abelian. Then the above map g is trivial. Now π1(O(k)) is also abelian
and then the above map f is also trivial. Therefore π1(Wk) = 0 and the proof is completed.
It is easy to compute πi(BGk) for i = 0,1,2 and then we obtain:
Corollary 11. The second homotopy group of M(k) is:
π2
(M(k))∼=
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0, k = 1,
Z, k = 2,
Z/2, k ≡ 1 (2), k 3,
Z/2⊕ Z/2, k ≡ 0 (4), k 3,
Z/4, k ≡ 2 (4), k 3.
6. Proof of Theorem 2
It follows from (4) that it is suﬃcient for proving Theorem 2 to show that w2(T Xk) = 0 if and only if k is odd. To show
this, we consider a principal Gk-bundle Wk → Xk deﬁned as:
Wk =
{
(Λ, B) ∈ Uk
∣∣ (Λ, B) satisﬁes the above constraint (ii)}, Xk = Wk/Gk,
where Gk acts on Wk freely which is analogous to that on Wk . Then, to see w2(T Xk), we calculate w2(TXk) and w2(ν),
where ν stands for the normal bundle of Xk in Xk . Now we have a commutative diagram of principal Gk-bundles:
Wk
i Wk EGk
Xk
α
Xk α¯ BGk
where i is the inclusion and EGk → BGk denotes the universal Gk-bundle. Then, to calculate w2(TXk) and w2(ν), we
introduce four representations of Gk . The ﬁrst one is ρ in section 4. Deﬁne representations λi of Gk for i = 1,2,3 as
follows.
(1) λ1 is the composition of the projection π¯2 : Gk → PSO(k) and the adjoint action PSO(k) → O( k(k−1)2 ).
(2) λ2 is the
k(k+1)
2 -dimensional representation associated with the action of Gk on Symk(R) deﬁned by
x · [(p,q)]= qxq−1
for x ∈ Symk(R) and [(p,q)] ∈ Gk .
(3) λ3 is the projection π¯1 : Gk → SO(3).
We denote the vector bundle over BGk associated with a representation φ : Gk → O(n) by the same φ ambiguously. Now
we can state decompositions of vector bundles related to TXk and ν as follows.
Lemma 12. The normal bundle ν is decomposed as
ν ∼=
3⊕
α−1λ1.
Proof. By choosing a metric on TWk to be invariant under Gk , we have an isomorphism
ν ∼= ν˜/Gk,
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decomposition of ν .
Let Herk(H) and Altk(R) the sets of all k-dimensional Hermitian and anti-symmetric matrices, respectively. Then Altk(R)
is the Lie algebra of SO(k) and the map
Symk(R) ⊕
( 3⊕
Altk(R)
)
→ Herk(H), (a,b, c,d) → a + ib + jc + kd, (6)
is an isomorphism of real vector spaces. We let Sp(1) × O(k) act on Herk(H) by
x · (p,q) = p−1xq
for x ∈ Herk(H) and (p,q) ∈ Sp(1)×O(k). Then this action induces that of Gk . Deﬁne a Gk-equivariant map φ : Wk → Herk(H)
by
φ(Λ, B) = Λ∗Λ + B∗B
for (Λ, B) ∈ Wk . We also deﬁne a map ϕ : Wk → Herk(H) by
ϕ(Λ, B) = φ(Λ, B) − φ(Λ, B)
for (Λ, B) ∈ Wk . Then it is shown in [3] that ϕ is the hyperkähler moment map of the action of O(k) by the natural
hyperkah¨ler structure of Wk . Now since the action of O(k) on Wk is free as above, ϕ is nondegenerate and then the map φ
is transverse to Symk(R) ⊂ Herk(H), where we identify Herk(H) with Symk(R)⊕ (
⊕3 Altk(R)) by (6). Let V denote the trivial
vector bundle with a vector space V as its ﬁbre. Then we have established a Gk-equivariant isomorphism
ν˜ ∼= φ−1
( 3⊕
Altk(R)
)
,
where Gk acts on Altk(R) by λ1. Therefore we obtain Lemma 12.
Note that the action of Gk on Wk induces that on TWk . Then we have a vector bundle TWk/Gk → Xk .
Lemma 13. The vector bundle TWk/Gk is decomposed in the following two ways:
(1) TWk/Gk ∼= α¯−1ρ ⊕ (⊕4 α¯−1λ2);
(2) TWk/Gk ∼= TXk ⊕ α¯−1λ1 ⊕ α¯−1λ3 .
Proof. (1) This is done by identifying Symk(H) with
⊕4 Symk(R) as in (6).
(2) Let us consider the following general situation. Let G be a compact Lie group and let q : P → B be a principal
G-bundle over a manifold B . Then we have a vector bundle T P/G → B as well as TWk/Gk → Xk . We denote by g and
ad : G → aut(g) the Lie algebra of G and the adjoint representation of G on g, respectively. Then the map
q−1T B ⊕ g → T P , (v, X) → v + X∗,
is a G-equivariant isomorphism, where X∗ stands for the fundamental vector ﬁeld generated by X ∈ g and X∗ · g = (ad(g)X)∗
for X ∈ g and g ∈ G . Then we obtain a decomposition
T P/G ∼= T B ⊕ ad P ,
where ad P denotes the adjoint bundle P ×ad g.
Now, by putting G = Gk , P = Wk and X = Xk , we have
TWk/Gk ∼= TXk ⊕ adWk.
Note that the Lie algebra of Gk is isomorphic to sp(1) ⊕ Altk(R), where sp(1) and Altk(R) are the Lie algebras of Sp(1)
and SO(k), respectively. Then Lemma 13 follows from the following commutative diagram:
Sp(1) × SO(k) ad⊕ad aut(sp(1) ⊕ Altk(R))
Gk
ad aut(sp(1) ⊕ Altk(R))
where the left vertical arrow is the projection.
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T Xk ⊕
( 4⊕
α−1λ1
)
⊕ α−1λ3 ∼= α−1ρ ⊕
( 4⊕
α−1λ2
)
.
Then we have
w2(T Xk) = α∗
(
w2(λ3)
)+ α∗(w2(ρ)).
By (2), we have w2(λ3) = 0 if and only if k is odd, and, by Lemma 6, w2(ρ) = 0. Then it follows from Proposition 10 that
w2(T Xk) = 0 if and only if k is odd. Therefore, by (4), the proof is completed.
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